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ABSTRACT 
Let the complex matrix A be partitioned into r blocks: 
and let B=(A:,..., A: ), where the superscript plus denotes Moore-Penrose inverse. 
Then det AB < 1, with equality if and only if AB=Z. The matrices A, B, AB, and BA 
all have the same rank, which is equal to the number of nonzero eigenvalues of AB; 
these nonzero eigenvalues are all real and positive. When rank(A) -Xi rank( A,), 
then the product of the nonzero eigenvalues of AB cannot exceed 1; equality occurs 
if and only if B=A+. 
In a recent paper in this journal, Lavoie [2] considers the complex 
matrices 
A= : and B=(Af,..., Af), (1) 
,A,> 
where A+ is the Moore-Penrose inverse of the ki X n matrix Ai, i = 1,. . . , r, 
and A is mXn, with m=Z~_l ki. Lavoie [2] proves that det AB > 0 and that 
det AB< 1, (2) 
which is shown to be a generalization of Hadamard’s inequality. 
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Our purpose in this paper is to provide a much simpler proof of (2); we 
also show that the matrices A, B, AB, and BA all have the same rank, which 
is equal to the number of nonzero eigenvalues of AB; these nonzero 
eigenvalues are all real and positive. Let AB have rank p, and let the nonzero 
eigenvalues be A 1, . . . , A,. When o=CISlrank(Ai), we show that 
fi Ai (1, (3) 
i=l 
with equality if and only if B = A+. When p = m, then (3) reduces to (2) and 
equality holds if and only if AB=I. The inequality (3) is seen to be a special 
case of Hadamard’s inequality. 
We may write the singular value decompositions (cf. [l, pp. 245-2461) 
Ai=qDiy* and At =yDj-‘v, i= ,...,r, 1 (4) 
where 
Lyq = y*y =I,,, i=l,...,r, (5) 
with pi =rank(Ai), and Dd real diagonal positive definite and pi Xni. Then 
A = 
say, and 
Thus 
-. 
u, 
B=(V,,...,V,) 
= UDV* , (6) 
[y;l . . . li_1IIx *.* ‘pj-vl’-lU*. (7) 
i 
AB= UDV*VD-‘U* and BA = W*, (8) 
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since (5) implies that U*U= I. Hence 
p = rank( AB) = rank( V*V ) = rank( W’) 
= rank( BA) = rank(V) 
=rank(B)=rank(A), (9) 
since U has fuh column rank and D is nonsingular. The matrices AB and BA 
share the same nonzero eigenvalues (cf. [3, p. 241) and these are the positive 
eigenvalues of the nonnegative definite matrix 
The number of 
rank of AB. 
1 vy, -* ’ v;v* 
v& Ip, . *. v;v, 
VT= * . . . (10) 
yv, v;v, . . . I,, 
, 
nonzero eigenvahres of AB is, therefore, equal to p, the 
If p = xi= 1 pi, then V*V is positive definite and its determinant 
detV*V= fi Xi < 1; 
j=l 
(11) 
this follows at once from Hadamard’s inequality (cf. [3, p. 1141). Equality 
occurs in (11) if and only if V*V= I,, since equality in Hadamard’s inequality 
occurs if and only if the positive definite matrix V*V is diagonal [3, p. 1151. 
Moreover, Al?= UU* is Hermitian idempotent of rank p. Hence ABA=A 
and BAB = B, since U*U= 1. Thus V*V= I, implies B =A+. To go the other 
way we see that ABA =A implies V*V= I, when V* has fuU row rank. 
Therefore equality holds in (11) if and only if B = A+. 
When p = m, the number of rows in A, then each A i must have full row 
rank ki = pi, and (11) becomes 
6 hi=detAB<l. 
i=r 
(12) 
Equality holds if and only if AB = I, since the Hermitian idempotent matrix 
AB= UU* is now nonsingular. 
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If p< E:l_lpi then IIr=‘=,A/ may exceed 1. Let 
Then 
=A* = V, 
AB=V*V= ; : 
( 1 
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(15) 
has just one nonzero eigenvalue A=2. 
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